Abstract. We construct twisted D-modules on the projective line P 1 that are equivariant for the action of the diagonal torus subgroup of SL2. In the most interesting case these arise as extensions from local systems on C × . We discuss their subquotient structure. Their sheaf cohomology groups are weight modules for the Lie algebra sl2. We also discuss their subquotient structure and in case these modules are not the familiar highest or lowest weight modules, we give an explicit presentation for them. Our computations illustrate some basic D-module concepts and the Beilinson-Bernstein equivalence. They are the first step in a program that aims to describe categories of modules over semisimple and affine Kac-Moody Lie algebras that are next to highest (or lowest) weight via D-modules on the flag variety.
Introduction and Organization
Consider a local system on C × given by the monodromy e 2πiα , where α ∈ C is a parameter. It can be described by the differential equation (x∂ x − α)f (x) = 0 and hence as a connection on C × . The formulation of these objects in the language of D-modules is given in § 2.5. The theory of D-modules provides extensions (direct images) of such objects, living on C × , to D-modules on the projective line P 1 . The simplest such extension is the mere sheaf-direct image, while the !-extension is constructed from it via a duality functor ( § 2.2). In addition, with the aim of being systematic, we introduce yet another extension denoted j !x·z in § 2.6. We analyze all these extensions in § 2.6 by determining their subquotients (composition series) in the category of D-modules. In addition to C × we have also included for comparison in § 2.4 the easier and even better known case of the affine line. As a technical aside, let us mention that we work with right D-modules starting from § 2.4 because the formation of direct images is easier than for left D-modules.
In § 4 we compute the sheaf cohomology groups of our extensions as sl 2 -modules using the Cech complex for the standard affine open cover of P 1 . They turn out to be weight modules ( § 3) for sl 2 with trivial central character and lowest or highest weight modules in case of the affine line. The identification of these cohomology groups can be understood as a building block in the description of the category of sl 2 -weight modules with trivial central character via D-modules on P 1 . The basic reason for the appearence of the subspace C × is that SL 2 acts on P 1 and C × {0} {∞} is the stratification of P 1 by orbits of the diagonal torus subgroup of SL 2 . Similarly, the affine lines P 1 \{∞} resp. P 1 \{0} are the open orbit of the Borel resp. opposite Borel subgroup of SL 2 . The corresponding D-module extensions (the !-resp. * -extension is usually called standard resp. costandard object in this context) acquire an equivariance property w.r.t. the subgroup. The equivariance is addressed in § 2.7 and in Remark 4.4. Further, we discuss in § 4.1 how the change of variables x → x −1 induces auto-equivalences (·) − of the category of D-resp. sl 2 -modules.
In § 5 we review the notion of twisted D-modules. In our case the twist parameter is an arbitrary integer λ. Subsequently we determine the sheaf cohomology groups of our extensions considered now as twisted D-modules, thereby generalizing the results of § 4. They are again weight modules for sl 2 with central character depending on λ. In § 5.2.2 we analyze the structure (composition series) of a weight module (depending on the parameters α and λ), which appears as global sections of our extensions. Finally, we sketch in § 6 how this work fits into a larger program by replacing SL 2 by any semisimple algebraic group over C or the affine Kac-Moody Lie algebra sl 2 .
Notation
We use the symbol § when referring to entire sections. When making a statement that holds for multiple indices separately, for brevity we simply list the indices, see e.g. § 2.3:
we write C x,z instead of C x , C z . We denote by curly letters sheaves F and their sections over an open U by F(U ). If G is a linear algebraic group over C, then Lie G denotes its
Lie algebra. All varieties we consider are algebraic varieties over C. By a local system, we mean a vector bundle with flat connection. We have tried to isolate statements that do not depend strongly on the rest of the text or are used multiple times into remarks. . Let X be a smooth variety. Let D X be the sheaf of algebraic differential operators on X. We denote by D X mod resp. mod D X the category of left resp. right D X -modules quasicoherent as O X -modules. Then the structure sheaf O X and the sheaf of volume forms Ω X is naturally a left resp. right D X -module.
Further we have an isomorphism of sheaves of C-algebras
is the unique anti-involution of D X satisfying t (x j ) = x j and t (∂ x j ) = −∂ x j . Via the isomorphism (2.1) it becomes manifest that Ω X is a left D op X -module and that a left D op X -module is the same as a Ω X -twisted left D X -module (the notion of a twisted Dmodule will be recalled in § 5.1 below). The functor (·) r : D X mod → mod D X given on objects by M → M r = Ω X ⊗ O X M is an exact equivalence. Similarly, the functor 
is naturally a left D X -module, to which we apply (·) r . D defines an exact contravariant auto-equivalence of the category of holonomic D X -modules.
Remark 2.1. We recall a formula for D M in case of X = C, the affine line, and M = D C /pD C , where p is a nonzero polynomial in x and ∂ x . Consider the free resolution of
The map
is an isomorphism of right D C -modules. This formula for D M will be applied later.
2.3. Geometric setup. In the remaining part of the text we will be concerned with the following geometric setup. Let x be a global coordinate on P 1 considered as a variety.
Then z = x −1 is another global coordinate. Consider the open subsets C x = (x = ∞) and C z = (z = ∞) of P 1 and the corresponding open embeddings j x,z : C x,z → P 1 and
The closed embeddings of the complements will be denoted by ι x,z . We will also work with homogeneous coordinates [z 0 : z 1 ] on P 1 related to the coordinate x by x = z 1 /z 0 .
2.4. Direct images of Ω Cx,z . In the subsequent text we will only consider right D-modules unless stated otherwise. First recall that the action of
Also recall that the sheaf direct image j x· Ω Cx of Ω Cx is naturally a D P 1 -module. Let us describe it on the open affine cover {C x , C z } of P 1 . We
The last isomorphism is given by d z z → 1. Here and in the following a will denote the class of an element a in a quotient. We have the exact sequence 
We comment on the direct and inverse images involved: Recall that j −1 , the restriction to the open U , is exact. R j · ≡ j · is the right derived direct image of sheaves. In (2.4)M → j · j −1 M is the unit of the adjunction. According to [Ber] [p. 5] ι * is exact and R ι ! ≡ ι ! is right derived since ι is a closed embedding. ι * is left adjoint to ι ! and in (2.4)ι * ι ! M → M is the counit of the adjunction. ι * ι ! = R Γ Z is the right derived functor of sections supported in Z. Also recall from [Kas00] [section 3.4] that if M = Ω X (placed in degree zero) and
is the D-module of distributions on X with singularities along Z.
Now we consider the above remark for ι = ι x , j = j x and M = Ω P 1 (in degree zero). We find ι !
x
.) The long exact sequence associated to (2.4) is
The restriction of this sequence to the open C z is (2.3). Here
2.4.1. Subquotients of j x· Ω Cx . These are clear from (2.5) and the fact that Ω P 1 and ι x * C are simple D P 1 -modules.
[Ber][p. 18]. Applying D to (2.5) we find with
According to (2.3) and Remark 2.1 this sequence restricts to
on C z . The first map (from the right) sends 1 → ∂ z .
Definition of Ω
This definition depends on the choice of the global coordinate x. In the global coordinate z = x −1 we find Ω
As a special case we have
Remark 2.3. We list elementary properties of Ω
n our module is a direct sum of one dimensional eigenspaces of x∂ x with eigenvalues α + Z.
The first isomorphism is known to hold, as consequence of (1), see e.g. [Kas00] [Lemma 3.13]. We now explain the second 
which is an isomorphism of O C × -modules, sends
where we applied (2.8). Hence, the global sections of 
Thus, informally j !x·z can be described as the !-extension at x = 0 and the ·-extension at z = 0. Of course we have a similar functor j ·x!z
(1). We have the decomposition
α+n into one dimensional eigenspaces for x∂ x and x and ∂ x intertwine those:
is simple it follows ker φ = 0. Because j ! Ω (α) ∼ = j · Ω (α) it follows that φ also surjects.
(2). By definition we have
As a consequence of this lemma we are left with determining the subquotients of the
and into the one obtained from it by interchanging x and z. Combining this with (2.5) we obtain a diagram of embeddings A → B such that B/A is simple
:
.
Thus the simple objects Ω P 1 , ι x * C and ι z * C each have multiplicity one in j · Ω C × . This describes the subquotient structure of j · Ω C × . Applying D to (2.10) yields
Combining this with (2.6) we see that the diagram of embeddings
has simple quotients.
Subquotients of j
From the definition of j !x·z Ω C × and § 2.6.1 we find the exact sequences
We have a diagram of embeddings
with simple quotients. Again, Ω P 1 , ι x * C and ι z * C each have multiplicity one in j !x·z Ω C × .
2.7. G m -Equivariance. The multiplicative group G m acts on P 1 by t[z 0 : z 1 ] = [tz 0 :
The orbits are (x = 0), (z = 0) and C × . We describe the equivariance of the constructed D-modules w.r. 
respects the equivariant structures. As the G m -equivariant irreducible local systems on C × are in bijection with irreducible representations of the stabilizer {±1} of the G m -action at any point of C × [BB81] we in fact also have a strongly G m -equivariant structure on
(The latter is however not induced by the weakly equivariant structure
2.7.3. Equivariance of direct images. The direct image j · M has an induced weakly resp. strongly G m -equivariant structure if M has a weakly resp. strongly G m -equivariant structure according to [Kas08] [section 3.5] resp. [BB81] . By the same token j x! Ω Cx and ι x * C have induced strongly G m -equivariant structures. By § 2.7.1 we obtain a weakly or strongly G m -equivariant structure on j ! M and a strongly G m -equivariant structure on j x! Ω Cx . Finally, we also have a weakly or strongly G m -equivariant structure on j !x·z M.
Generalities on sl 2 -modules
The standard basis of sl 2 will be denoted by e, f, h. For λ ∈ C we have the usual sl 2 -module M(λ), the Verma module of highest weight λ, and L(λ), the simple sl 2 -module of highest weight λ. In accordance with our convention for D-modules we will however work with the corresponding right sl 2 -modules obtained from them via the anti-involution of sl 2 given by e → e, f → f , h → −h. Thus M(λ) will have h-weights bounded from below, namely −λ + 2 Z ≥0 . Below, the notation L(λ) will only be used when L(λ) is finite dimensional, i.e. in the case λ ∈ Z ≥0 . More generally, we consider weight modules for sl 2 .
These are sl 2 -modules M such that M = λ∈C M λ , where M λ = {v ∈ M | vh = λv} is the (h-)weight space for the weight λ. Let T ⊆ SL 2 be the diagonal matrices.
Remark 3.1. Let M be a sl 2 -module. Then the Lie T = C h-action on M integrates to a (algebraic) T -action on M if and only if M is a weight module with weights in Z, see e.g.
[Jan][I, section 2.11].
Duality (·)
by letting X ∈ sl 2 act on φ ∈ M ∨ by (φX)(v) = φ(vτ (X)). Here τ is the anti-involution of sl 2 defined by h → h, e → f , f → e. Then M ∨ is again a weight module and 
If F in addition has the structure of a
This calculation can also be found in [Har77] [III, Example 4.0.3]. Similarly we find
Further, we find with
We will denote by (U sl 2 ) 0 mod and mod(U sl 2 ) 0 the category of (not necessarily finitely generated) left resp. right (U sl 2 ) 0 -modules. Remark 4.1. Let R be a sheaf of C-algebras on a topological space X. Let M be a right R-module. Let F be a free (not just locally free) left R-module of rank one. For U ⊆ X open we have isomorphisms of vector spaces
compatible with the restriction maps. Thus, the sheafification maps
, which we have by definition of M ⊗ R F, are isomorphisms.
where the first map is p → p(1⊗1). The right action of I −1 D on D I induces an isomorphism
where the first map is p → 1 ⊗ p. The compositions r −1 l define an isomorphism of sheaves of algebras J :
Proof. J induces an involution of (U sl 2 ) 0 . We will denote the twist of a (U sl 2 ) 0 -module M by this involution by M − . If M is a lowest weight module, then by remark 4.2 M − is a highest weight module and vice versa. (·) − defines an exact auto-equivalence of the category mod D and mod(U sl 2 ) 0 respectively. We have τ J = Jτ and hence (·) − commutes with (·) ∨ . Here τ and (·) ∨ were defined in § 3.1. 
Lemma 4.2. There are natural isomorphisms H
) of complexes due to remark 4.1. Further, we claim that we have an isomorphism of
. Indeed, this follows from the fact that for any open embedding κ into P 1 we have ( 
Lemma 4.1 together with the definition of (·) − now implies the statement.
As an application of this lemma we e.g. deduce from (j x· Ω Cx ) − ∼ = j z· Ω Cz and (4.5) that
but of course this can also be computed directly.
H 0 and H
and definition of R(α). According to (2.9) the restric-
Further, according to (2.9) and the corresponding statement for C z
We set R(α) = (U sl 2 ) 0 /(h + 2α) = U sl 2 /(h + 2α, ef + α(α + 1)) . Proof. Let M = 0 be a submodule of R(α). As in the proof of Lemma 2.1 we show that M is a direct sum of its h-weight spaces M = n∈Z M −2α+2n with M −2α+2n = 0 for some n. We have linear maps
From the definition (4.8) it follows
Thus, since α / ∈ Z, the maps e and f are invertible for each n ∈ Z. It follows M −2α+2n = 0 for all n ∈ Z and hence M = R(α).
Since H 1 (j x· Ω Cx ) = 0 the long exact sequence of cohomology of (2.10) gives the exact
Applying (·) − we obtain the exact sequence .7), and the corresponding statement for
. Since H 1 (ι z * C) = 0 the long exact sequence of cohomology of (2.11) gives the exact sequence
Again, one can write down the long exact sequence of cohomology of (2.12). There is a short exact sequence of locally free O-modules
where given by an exact sequence We have a map of Lie algebroids
induced by the natural SL 2 -equivariant structure of O(λ). This makes precise the statement that ac lifts the infinitesimal action of SL 2 on P 1 to first order differential operators.
The expression z λ 0 respectively z λ 1 is a nowhere vanishing section of O(λ) on C x respectively C z . On global sections we have
cf. (4.1).
Remark
x , see (4.4). It has the following Cech description. Let σ x,z :
linear and hence defines an element
of Ω 1 (C × ). The extension class is given by the class of
is independent of the choice of σ x,z . Let us compute the extension class from the formulae
Thus, the extension class is −λ 
H
We set
generalizing (4.8). The following lemma and its proof generalize Lemma 4.3 and hence we will be brief.
Lemma 5.1. Let α / ∈ Z. R(λ, α) is simple. R(λ, α) ∼ = R(µ, β) if and only if µ ∈ {λ, −λ+2}
and α − β ∈ Z.
Proof. We conclude from (5.6) for any submodule M of R(λ, α)
generalizing (4.9). R(λ, α) ∼ = R(µ, β) implies that the modules have the same central character. Thus µ ∈ {λ, −λ + 2}. As the weights of R(λ, α) are −2α − λ + 2 Z we conclude
5.2.2. Description of R(λ, α), α ∈ Z. Before proceeding to the computation of the remaining H 0 and H 1 , it is convenient to analyze R(λ, α) for α ∈ Z. We will find that for many values of the parameter α the R(λ, α) are isomorphic. Hence, we will introduce some notation for the isomorphism classes.
Remark 5.5. For any α ∈ C R(λ, α) − ∼ = R(λ, −α − λ) follows from the definition (5.6).
Lemma 5.2. Let α, β ∈ Z.
(1) Case λ ≥ 2. There are three isomorphism classes of R(λ, α) given by α ≤ −λ, α ≥ 0 and 1 − λ ≤ α ≤ −1 respectively. We denote them by R(λ, <), R(λ, >) and R(λ, =). We have exact sequences
(2) Case λ ≤ 0. There are three isomorphism classes of R(λ, α) given by α ≤ −1, α ≥ 1 − λ and 0 ≤ α ≤ −λ respectively. We denote them by R(λ, <), R(λ, >) and R(λ, =). Of course we have similar exact sequences as in (1).
(3) There are two isomorphism classes of R(1, α) given by α ≤ −1 and α ≥ 0 respectively. We denote them by R(1, <) and R(1, >). We have exact sequences Proof.
(1). From (5.7) we deduce ·ef = 0 and ·f e = 0 if and only if n = α or n = α−1+λ.
Thus, for ν / ∈ {λ, −λ + 2} the arrows
are invertible and for ν ∈ {λ, −λ + 2} exactly one of the arrows is zero (they cannot both be zero as R(λ, α) is not a direct sum). Further, f = 0 for ν = λ together with e = 0 for ν = −λ + 2 cannot occur since R(λ, α) is cyclic. We are left with three cases. In each case the allowed range for α follows from the fact that the generator 1 of R(λ, α) has weight −2α − λ.
(2) and (3). See the proof of (1). 
Since H 1 (j x· Ω Cx ) = 0 the long exact sequence of cohomology of (2.10) and (5.5) give the exact sequence
Applying (·) − we obtain the exact sequence
Since H 1 (ι z * C) = 0 the long exact sequence of cohomology of (2.11) and (5.5) give the exact sequences
0 and H 1 of j !x·z Ω C × and j ·x!z Ω C × . We find Theorem 5.5.
The statement for j !x·z implies the one for j ·x!z because of Remark 5.6. The embeddings κ = ι x,z , j x,z , j : Y → P 1 we consider are all affine. Let M be a D Y -module. Then H 1 (Y, M) = 0 implies in a uniform way that the direct image where U (i) is the subgroup of U whose Lie algebra is spanned by the root vectors associated to Φ + \{α i }. Let < be the Bruhat-Chevalley order on W . One can show that the B (i) -orbits in X are given by X w andṡ i X w for s i w ≮ w and X w ∩ṡ i X w for s i w < w. In particular, the stratification of X by B (i) -orbits refines the Bruhat stratification and consists of finitely many locally closed subvarieties of X, which is in contrast with the stratification of X by T -orbits. Note thatṡ i defines an automorphism of X, depending on the choice oḟ s i , that interchanges the B (i) -orbits X w andṡ i X w and leaves the B (i) -orbit X w ∩ṡ i X w invariant. Observe that for s i w < w the B-orbit X w decomposes into two B (i) -orbits, namely X w = (X w ∩ṡ i X w ) ṡ i X s i w . In fact X w ∩ṡ i X w is isomorphic as a variety to (A 1 \{0}) × A (w)−1 . Let us emphasize how we recover for G = SL 2 the setting of the main text: In this case we have X = P 1 , our subgroup is the torus, B (i) = T , and its orbits are {0}, {∞} and C × . For a suitable choice the automorphismṡ i of P 1 coincides with the involution I defined in § 4.1.
Coming back to the general G, given a parameter α ∈ C it is clear how to define a local system on the B (i) -orbit X w ∩ṡ i X w , generalizing Ω (α) C × from § 2.5, and the different extensions to X as λ-twisted D-module. (The twist λ is now an arbitrary integral weight of G w.r.t. T .) It would be interesting to identify, depending on the parameters α and λ, the sheaf cohomology groups as concrete modules over the Lie algebra Lie G of G thereby generalizing the results of the main text. Here, the word concrete refers to having some algebraic construction of the module, e.g. as a module induced from a proper subalgebra.
Concerning the remaining B (i) -orbits, it is known that from the X w one obtains (the usual highest weight) Verma and dual Verma Lie G-modules, while theṡ i X w are supposed to
give Lie G-modules differing from the previous ones by a twist by the automorphism of Lie G defined byṡ i .
6.2. Case of the affine Kac-Moody Lie algebra sl 2 . Let us finally comment on similar constructions for the affine Kac-Moody Lie algebra sl 2 . The discussion is parallel to and depends on § 6.1. Recall that sl 2 is constructed from a triple h, (α i ) i∈{0,1} , (α ∨ i ) i∈{0,1} , where h is a three dimensional C-vector space and the generalized Cartan matrix 2 −2 − 2 2 .
It has a triangular decomposition sl 2 = n − ⊕ h ⊕ n and elements f i ∈ n − , e i ∈ n, i ∈ {0, 1}.
The flag variety X of sl 2 has well-known formulations either as an ind-projective indvariety [BD91] or as a scheme [Kas90] over C. In the following we work with the latter version. The Weyl group W of sl 2 is generated by s 0 , s 1 with relations s 2 0 = s 2 1 = 1. In [KT95] it is explained how to attach to w ∈ W a (finite dimensional) Bruhat cell X w ∼ = A (w) that is locally closed in X. One has a replacement forṡ 1 and for s 1 w < w the intersection X w ∩ṡ 1 X w is still defined and isomorphic to (A 1 \{0}) × A (w)−1 . Due to [KT95] one disposes of a category of λ-twisted right D-modules on X with support in the closure X w of X w in X. To the objects of this category [KT95] attach cohomology groups and construct a sl 2 -action on these. Consequently it makes sense to try to identify the cohomology groups of the D-module extensions of the local system on X w ∩ṡ 1 X w analogous to Ω (α) C × as concrete sl 2 -modules, completely parallel to what was proposed in § 6.1. In fact, the corresponding identification of the cohomology groups for X w instead of X w ∩ṡ 1 X w and antidominant λ constitutes the main theorem [KT95] [Theorem 3.4.1] of [KT95] . Let us consider the simplest case w = s 1 , then X w ∩ṡ 1 X w ∼ = A 1 \{0}. We can then prove that for −λ(α ∨ 1 ) ≥ 2 the global sections of the !-resp. * -extension form an induced module of the form U sl 2 ⊗ U p 1 (C λ ⊗ C M )with M = R(−λ(α ∨ 1 ), α) as defined in (5.6) resp. M = R(−λ(α ∨ 1 ), α) ∨ . Here the subalgebra p 1 = n ⊕ h ⊕ C f 1 acts on C λ ⊗ C M via the map of Lie algebras
